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S1. QUANTUM MECHANICAL PERTURBATION
THEORY

A. Non-degenerate perturbation theory

Let us assume [following the Wikipedia article Per-
turbation theory (quantum mechanics)] that a quantum
mechanical system is described, for the most part, by a
Hamiltonian Hy which has a finite number of eigenstates
|n0) with eigenvalues E,q given by

Hy |n0) = n=1

E,o |n0); A (S1)

In addition, there is a small perturbation Hj that de-

pends on some vector parameter E, which can be made
arbitrarily small. The total Hamiltonian is therefore

H = Hy+ Hj; with eigenstates )nlg> and eigenvalues F
given by

H‘nE>=EEnE>, n=1,...,N. (S2)

To calculate the perturbed eigenvalues and eigenstates of
H for small values of ‘E‘, we must distinguish between

two separate cases, depending on whether the eigenstate
[n0) is non-degenerate or degenerate.

In the non-degenerate case, the perturbed eigenval-
ues and eigenstates are given to first order in the per-
turbation by

= ZO|H |n0)
= 4
‘nk> |n0) +;\0 Fro— Fro | (S4)

We sometimes also need to know the eigenvalues to sec-
ond order in ‘E ‘, which are given in second order per-
turbation theory by

|(i0] Hy [n0)|?

Eno — Eio (55)

E,; = Eno + (n0| Hy [n0) + )

These equations can be written in more compact form,
if we introduce the notation

The first order perturbation theory results in

|nk) = (S8)
i#n
and second order perturbation theory in
Hni 2
E, ;= En +H,m+2%. (S9)

i#En

B. Degenerate perturbation theory

If the energy level E, is degenerate, then Eq. (S3)
is ambiguous, because H,, depends on the choice of the
basis and therefore may not be uniquely defined. Also,
the energy denominator E,,; will vanish if |i0) is in the
degenerate eigenspace belonging to eigenvalue E,o and
therefore the second-order energy correction (S5) will be-
come singular.

We address this by assuming that ¢ is the degener-
acy of the E,q eigenspace of the unperturbed Hamilto-
nian. If we choose arbitrary basis functions [i0) for this
eigenspace, then the wave function |n0) can be written
as a linear combination

g9
[n0) = > cili0)
i=1

with some coefficients ¢;. The perturbed energies to first
order perturbation theory then become

E r=FEn+E;,

(S10)

(S11)

where the F; are the eigenvalues of the perturbation ma-
trix H;; = (i0| Hj [j0) within the degenerate eigenspace
of E,o. The perturbation will usually lift some, but not
necessarily all of the degeneracies of this eigenspace.

If the perturbation is sizeable and the corrected ener-
gies encroach on nearby energy levels of the unperturbed
Hamiltonian, it may be necessary to also include the
nearby levels in the calculation. In first-order pertur-
bation theory, the perturbed energies are then given by
the eigenvalues of the matrix

(i0] Ho + Hj, [50), (S12)

where as many eigenstates of Hy as needed can be in-
cluded in the matrix.



S2. k-p-THEORY

Electron states in solids are described by three quan-
tum numbers, the wave vector E, the band index n with
energy E i, and the spin s (which we ignore for the mo-
ment). The one-electron Hamiltonian H is the sum of
the kinetic energy derived from the momentum operator
7= —ihV and the crystal potential V (7). If ¢, is the
wave function, then the Schrodinger equation is

P

e (S13)

where myg is the free electron mass. Bloch’s theorem al-
lows us to write the wave function as the product of a
plane wave and a function u,;, which is periodic in the
crystal lattice:

G =€ Tu (S14)

If we insert Eq. (S14) into the Schrodinger equation (S13)
and use the product rule for the Laplace operator Afg =
fAg+ 26]" . ﬁg + gAf, we obtain a new equation for the
periodic part of the wave function, see Yu and Cardona
(2.35):

e

. hk?
Dy e (F)} U = B pting- (S15)
For a vanishing wave vector E:O, the kinetic energy and
potential terms have solutions that are assumed to be
known, for example from optical measurements of the
gaps at critical points, see Yu & Cardona (2.36),
P
|: +V (F):| Uno = Epolno.

S (S16)

The E—dependent terms in Eq. (S15) are treated in per-
turbation theory up to second order in k.

S3. KANE'S SUBSTITUTION

The physical significance of the four terms in square
brackets in Eq. (S15) is as follows: The first and fourth
terms are the kinetic and potential energy of the elec-
tron at the I'-point (Ez()) belonging to the unperturbed
Hamiltonian. The second term is the & - p-term, which
will be treated in perturbation theory. The third term,
which is quadratic in k, is called the free electron term,
because it describes the kinetic energy of a free electron
with mass mg as a function of crystal momentum hik.

Kane (1956, 1957) notes that the formalism can be
simplified by introducing a modified energy parame-
ter

h2k?
- 2m0

E =F

nk nk ’ (817)

S2

where the free electron kinetic energy has been sub-
tracted. We use a tilde (instead of a prime) to denote
the modified energies, because the prime (as in E{) has a
different meaning in the critical-point notation proposed
by Cardona.

This simplifies Eq. (S15) to

# o h .
% + miok PV (P U i = EnEunE' (S18)

The k - p-term is then treated as a perturbation.

For a non-degenerate band, the first-order correction
is

h2k?

E-=FE - = n0+i<no|1%’-ﬁ|no>. (S19)
0 mo

nk nk m

The term with the dot product is linear in k. This
term must vanish in crystals with inversion symmetry.
It also vanishes in crystals without inversion symmetry
due to the Kramers degeneracy (time-reversal symme-
try), if spin effects are neglected. Note: There are small
E-linear terms in the band structure of zinc blende semi-
conductors, but they arise from relativistic corrections,
not from the last term in Eq. (S19).

The perturbed wave function for non-degenerate bands
is derived from Eq. (S4) and found to be, compare Yu &
Cardona (2.37),

(S20)

The perturbed wave functions in Eq. (S20) are needed
to calculate the correction to the energy in second order
perturbation theory with Eq. (S5).

Since the first-order energy correction vanishes, we pro-
ceed with the correction in second-order perturbation
theory and find

- K2

E == En+—5
nk n m2

0 i#£n

- 2
(0] E - 7i0)
—_— 21
EnO - E’L (S )

for non-denerate levels E,,q.
Similarly, we need to diagonalize the matrix

I . 5
5 (Buats + o 01 5100)) s = By e (522
0

%

in the degenerate case. Note that the energies on the
left hand side in the diagonal of the Hamiltonian are the
unperturbed eigenvalues E,o while the energies on the
right hand side are Kane’s modified energies E _r. This
follows from Eq. (S18). The perturbed wave functions
at finite & for the degenerate case are given by, see Kane
1966, Eq. (4),

Ui = E CinWi0,

i

(S23)



expressed in terms of the unperturbed wave functions at
k=0.

For specificity and for comparison with the literature,
we rewrite equations (S21-S22) by explicitly adding the
free-electron term: For a non-degenerate band with
energy F,o, the correction to the energy up to second
order in k (and ignoring the linear terms) is, compare Yu
& Cardona (2.38),

N 2
(0] - 71i0)

E.=F +@+h—22 (S24)
nk — =m0 2m0 m% iEn En() — El

For degenerate bands, following the eigenvalue prob-

lem posed in Eq. (S12), the energies for finite k are found
by diagonalizing the matrix, see Kane (1966), Eq. (8),

21.2
3 [(Eno + M) i+ — (0| ~ﬁ|i0>] eni = B, peun.
2m0 mo n

i
(S25)
The eigenvalues of this matrix are the band energies E
near k=0 from k - p-theory, including the free-electron
energy.
Kane’s substitution (S17) only changes the energies,

but it does not affect the wave functions. Therefore, Egs.
(S20) and (S23) are valid either way.

It is common to include 3, 4, or 7 bands in the k- P
matrix. A 3 X 3-matrix is needed to describe the top va-
lence bands of Si and Ge (see, for example, Kane 1956).
With a 4 x 4-matrix, one can also include the the low-
est conduction band (see Kane 1957). A 7 x T-matrix
includes the interaction between the p-bonding valence
bands and the p-antibonding conduction bands. This in-
teraction is needed to describe the warping of the valence
bands (Dresselhaus, Kip, Kittel). Adding the s-bonding
valence band as well completes an 8 x 8-matrix. Including
higher-energy d-orbitals in the conduction band further
increases the size of the matrix (Cardona & Pollak 1966).
The rank of this matrix is doubled if the spin degener-
acy is included explicitly. For example, a commonly used
14 x 14-matrix includes the p-type valence band and the
s-type and p-type conduction bands with spin.

S4. APPLICATION TO THE NON-DEGENERATE
CONDUCTION BAND IN INSB

We can apply Eq. (S24) to the lowest conduction band
of InSb at the I'-point. The (unperturbed) energy of this
band at k = 0 is called FEy. The strongest contribution to
Eq. (524) comes from the top valence bands, because they
have the smallest energy denominator. The top valence
band is threefold degenerate with basis functions X, Y,
and Z, see Yu & Cardona (2.50). The only non-vanishing
matrix elements in Eq. (S24) are of the form, see Yu &
Cardona (2.42),

(spe |X) = —iP. (526)

S3

The mixed momentum matrix elements (s|p, |Y) etc
vanish. Without loss of generality, we can assume that
the k-vector points along the z-direction. For other di-
rections, one can rotate the coordinate system using Eqs.
(6-9) in Kane 1957. Ignoring the contributions from all
other "remote” bands, the conduction band energy near
the minimum (for small k) is found to be

27.2
Fos (E) _ ek
2m0
27.2
m+hk<1
2m0

thQ P2
mg By

2 P?
T

mg Eg

Ey + +

if we neglect the spin-orbit splitting Ag. By selecting the
k-vector along one of the axes, the sum in Eq. (S24) only
has a single term.

If we wish to include the spin-orbit splitting Ay of the
valence band maximum, then we need to be careful and
use the six basis functions for the valence band given by
Egs. (2.48) and (2.49) in Yu & Cardona instead of the
X, Y, Z basis set. See also Eq. (32) in Kane (1966).

Still selecting k along the z-axis, the sum now has two
terms, one for the j:% state and one for the j:% state.
Spin doubles the number of states, but matrix elements
between different spin states vanish. The result of Eq.

(S24) is

Eon (E) — By + Wk [1

2P% [ 2 1
2m0

%+%+mﬂ’

(S28)
compare Eq. (12) in Kane (1957) or Eq. (5) in Cardona
(1963) or Eq. (11) in Emminger (2022). The factor 1
in this equation is derived from the normalization of the
basis functions.

We introduce the energy

3m0

2pP?
EP =

(S29)
mo

which equals about 20 to 25 eV for many common semi-
conductors. The conduction band energy then becomes

- h2k? 2FEp 1 Ep
Bop (F) =Bo+ o (1450 + s ),
oB 0+2m0< +3E0+3E0+A0>
(S30)
We recognize the term in parentheses as the inverse ef-

fective mass of the lowest conduction band

1 Ep (2 1

* 3 (EO + E0+A0>’
(S31)

compare Emminger (2022), Eq. (11). We stress that this

result was obtained using second-order perturbation the-

ory for non-degenerate energy states, keeping only terms

1 2FEp 1 Ep
mpk 3 EO 3 Eo + Ao

e

up to second order in k. The conduction band (S30) turns
out to be parabolic, because remote bands and higher or-
der terms in k were omitted. Using the values Ey=0.237
eV, Ag=0.81 eV, and Fp=23.1 eV at low temperature
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FIG. S1. Band structure of GaAs near the Brillouin zone
center calculated from a 4x4 k - pmodel within the approxi-
mation for small spin-orbit splitting. The electron, light hole,
and heavy hole bands are shown in red, green, and blue, re-
spectively. Thick lines show the dispersion calculated from
Egs. (S35) and (S36) and dotted lines the parabolic approxi-
mation. Dashed and dot-dashed lines include the corrections
proportional to k* and k® given by Eq. (S45). The wave vec-
tor is shown in atomic units (inverse Bohr radii).
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FIG. S2. As Fig. S1, but as a function of the square of the
wave vector in atomic units, to better show the deviations
from linearity.

(Lawaetz 1971), we find m,.=0.0136 for InSb, which com-
pares well to the experimental value of 0.0137. See also
Table 2.22 in Yu & Cardona and Sec. IIF in the main
manuscript.

S4

S5. BAND ENERGIES FROM 4x4 k - >-MODEL
WITHOUT SPIN-ORBIT COUPLING

To understand the origin of the nonparabolicity of the
valence and conduction bands, we start our analysis by
evaluating the matrix given in Eq. (522) with a 4x4
k- p-model, which includes the three degenerate top va-
lence bands and the lowest conduction band. We first
ignore spin-orbit splitting by setting Ag=0. (This will
be changed later for InSb, where the spin-orbit splitting
is large.) We use the basis set |S), |X), |[Y), and | Z). The
only non-vanishing momentum matrix elements are those
given by Eq. (S26). The energy reference level E,=0 is
taken to be at the top of the valence band. Without loss
of generality, we select the k-vector along the x-direction.
For other directions, one can rotate the coordinate sys-
tem using Egs. (6-9) in Kane 1957.

The k - p-matrix for the modified energies (S17,522) is

Ey f%iP 00
- hk
Hy+ Hy = moOZP 8 8 8 . (932)
0 0 00

where the top row and the left column represent the |S)-
state and the bottom row and right column the | Z)-state.
The tilde over Hj indicates that the free-electron kinetic
energy has been subtracted as indicated in Eq. (S17).
The matrix (S32) is the same as Eq. (4) in Kane (1957),
if we set Ag=0 and consider that Kane used |iS) as one
of the basis functions, which makes the off-diagonal ele-
ments real. Compare also Eq. (20) in Kane (1966), which
includes many higher-order matrix elements that we have
set to zero. But note that Kane (1966) does not intro-
duce the modified energies (S17) with a tilde and instead
adds the k? term explicitly to the diagonal elements.

This matrix has two eigenvalues E; »=0, compare Eq.
(9) in Kane (1957). The other two eigenvalues can be
found by solving the characteristic equation

(5 £) 0 £) - T

My

Ep =0,  (S33)

mo

which is equivalent to Kane’s (1957) Eq. (10) and Kane’s
(1966) Eq. (38). The remaining two solutions for the
modified energies are

. Eo 2hkP\ 2
Faq = 22 1144/1
3.4 D) + <m0E0>
Eq h2k2 Ep
= O 14 J144a 2P S34
2 ( + 2m0 Eg ’ ( )

which are also given by Kane (1966) in Eq. (43). By
adding the k%-term back in, see Eq. (S17), we obtain



the four solutions for the energies in the conduction and
valence band:

h2k2
By = S35
12 = g (S35)
B2k E, 2hkP\ 2
Fay = — 4+ 29 [144/1 -
34 2m0 + 2 + (moEo)

k2 Ey / h2k? Ep
= — [1£4/1+4—— | .

Equation (S36) can also be applied if the spin-orbit split-
ting is much smaller than the band gap, see for example
Ehrenreich, Phys. Rev. 120, 1951 (1960), Eq. (1), or
Conwell and Vassell, Phys. Rev. 166, 797 (1968). Eq.
(S36) can therefore be used for phosphides, the light ar-
senides AlAs and GaAs, and with limited accuracy per-
haps even for Ge.

We can expand the square root for small values of k,
which leads to the parabolic approximation

B2 k?
2m0

h2k}2p2

E; = E, — =
3 o+ m2Ey

+

e (337)

R2k?  R2k2P?
2m0 ng() o
27.2 27.2
_ Ik (1_EP) - M (EP—1).(838)
2m0 E() 2m0 EO
We need to discuss these results: There are two de-
generate bands E; o with a positive mass of mg, which
curve upward. Compare Kane 1966, Sec. IV.3.b(2).
These bands correspond to the heavy and split-off hole
bands. The experimentally observed downward curva-
ture of these bands is therefore caused by the interaction
with remote bands at higher energies, which we have
ignored in our 4 X 4-model, especially the matrix ele-
ment (), which describes the interaction between the p-
bonding valence band and the p-antibonding conduction
band through the DKK ABC parameters, see Emminger
(2022), Eqs. (12-20). The dispersion of the band Ej is the
electron in the conduction band and the result is identi-
cal to Eq. (S30) for Ayp=0. Finally, F, is the light hole
band. It has a negative curvature, since the band gap Ey
is smaller than the momentum matrix element energy
FEp. To stress the negative curvature, we have pulled a
negative sign in front of the parentheses. This leads to a
positive light hole mass.
The effective electron mass from Eq. (S37) is

1 Ep Ep+Ey, _Ep

(S39)

(S40)

S5

This is the same as Eq. (S31) for Ag=0. Similarly, the
light hole mass obtained from Eq. (S38) is given by

1 E Ep—E
— = =220 (S41)
m, EO EO
or
Ey Ey
==~ — 42
myp, Ep—Ey  Ep (542)

Within this 4x4 k - p-model without spin-orbit splitting,
the electron and light hole masses (S40) and (S42) are
nearly identical.

Using the light hole reduced mass

11 1 _EP+E0+EP—E0_2EP
Hin

m?‘h m; EO EQ EQ

(943)

we can write the light hole and electron energies in more
compact form

nk?2 K, h2k2 2
FEs 4 = — [ 1+£4/1 . S44
51T 2mg 3 - 2mo funEo (544)

It is interesting that the expressions (S44) and (S69) are
the same in the small and large spin-orbit splitting ap-
proximations, as we shall see later.

The nonparabolicity of the electron and light hole
bands is contained in the square-root term in Eq. (S36),
if we include higher-order terms in k2. By retaining the
next-order terms, we obtain

h2k? E h’k* E% 'kt B3
Eg%Eo—l- (1 L _ 71; 2{;),
2m0 EO 2m0 EO 4m0 EO
K2 k> E h%k* E% 'kt B3
By = (1—P —L 2 2{;).(845)
2m0 E() 2m0 EO 4m0 EO

Since Ep is nearly the same for many common semicon-
ductors, we recognize that nonparabolicity corrections
are larger for semiconductors with smaller band gaps.

We can also start the Taylor expansion of the square
root with Eq. (S44):

. E, R2k2 2
E3,4:°<1i 1+ >:

2 2mo pnEo
E 2k 1 1 /R2k2\° 4

= 21l ———Fo (o) 5 *
2 2mo mnEo - 8 \ 2my i Eg

1 /(R2E2\® 8
+ - (22 S46
16 <2m0> wh Ed (546)

The light hole energy is the expression with the minus

sign
h2k? 1 K2k 1
.
2mo [\ 2pn 2mo 4pg, Eo

R\ 1
+ 3 2
2mo ) 4y, B

(S47)




We note that the parabolic factor

(948)

is the inverse light hole mass in the small spin-orbit split-
ting approximation. The next two higher-order terms in
Eq. (S47) agree with those given by Eq. (S45), but writ-
ten in terms of the reduced light hole mass. This makes
the light hole energy

PO Rk mp, (rﬁk?)z mp,
YT 2mems, 2mo 43 By \ 2mo ) 4ud B2
(S49)
Similarly, the conduction band energy is given by

h2E2 1 BE2 1
E E _—t1) - —
3 o+t 2my {(2;”;1 + > 2mg élulQhEo+

R2E2\? 1
+(5e) e
QWL() 4/‘1’lhE0

h2k?

2mom}

h2k‘2 * h2]€2 2 *

x |1 e He 1 (S50)
2myg 4ui;, Eo 2my 4py, B
The expression

1 Ep 1

4+ l==41= S51

2pun Ey : (851)

is the electron mass.

Figures S1 and S2 show the valence and conduction
bands of GaAs calculated from a 4x4 k- p-model without
spin orbit-splitting as given by Egs. (S35) and (S36) and
in various approximations.

We need to add a word of caution about the conver-
gence of the series given by Eqgs. (S45): For this series to
converge, the third term in the series should be smaller
than the second one, and the fourth term smaller than
the third one. For GaAs, Ep/Ep~17. The approximate
convergence criterion is therefore

h?k?  Ey Ey

20 gy =29 — 0,088 eV = 0.003 H
ome ~Ep YT 17 ¢ &

(852)

where 1 Ha=2 Ry=27.2 eV is the atomic unit of energy.
This implies
k* < 0.003 or

k < 0.06 (S53)

in atomic units, where k is measured in inverse Bohr
radii. Inspection of Figs. S1 and S2 indeed shows that
the approximations (S45) fail for k>0.06 or k%>0.004.
For larger wave vectors, the parabolic approximations
(S37) and (S38) are actually closer to the exact 4x4 so-
lution (S36) than the nonparabolic corrections (S45). In
energy units, the nonparabolic corrections (S45) are only
beneficial up to about 0.4 eV above the band gap for
GaAs.

S6

S6. BAND ENERGIES FROM 8x8 k - -MODEL WITH
SPIN-ORBIT COUPLING

We now proceed to discuss how a finite spin-orbit

splitting Aq affects the band structure in a 4x4 k- I
model. Following Kane (1957), we use a basis set |S),

|X +iY) /v/2, and |Z) and assume that the k vector is
along the z-direction. For other directions, one can ro-
tate the coordinate system using Egs. (6-9) in Kane 1957.
The matrix is doubled to include the two spin states. In
addition to the k -p perturbation Hamiltonian Hj, we also
include the k-independent spin-orbit interaction as a sec-
ond perturbation. This spin-orbit Hamiltonian is given
in Eq. (1) of Kane (1957) and also by Yu & Cardona Eq.
(2.45a)
Hso = — (YV xp) - & S54

S0~ 4c?mi ( % p) "o (854)
where ¢ is a vector formed by the three Pauli matrices
and c is the speed of light. There is also a k-dependent
spin-orbit interaction, which is neglected. Aq is the ma-
trix element of the spin-orbit Hamiltonian (Kane 1957)

3hi < ‘ ov ov

A a_ - 5 Fx
0 oz Y 8yp

Y> . (S55)

4mic?

The resulting 8x8 k - p-matrix consists of two identical
4x4 blocks of the form

(S56)

where the 4x4 block is given by, see Kane (1957) Eq. (4)
or Kane (1966) Eq. (36)

Ey 0 f%iP 0

- 0 _24A¢ V2A¢ 0
Hy = 72 3 : (S57)

Mhip Y2 S0 0

0 0 0 0

The tilde over H indicates that the free-electron kinetic
energy has been subtracted as indicated in Eq. (S17).
A different Hamiltonian (with the energy eigenvalues at
k=0 on the diagonal) is obtained if one chooses the wave
functions given by Egs. (2.48-2.49) by Yu and Cardona.

The matrix (S57) has one obvious eigenvalue E;=0
(which we can call the heavy hole) and the other three
are determined from the characteristic polynomial of the
upper 3x3 block

(50 (-5) (3-9)-

2f2 2A - 2 -
IR e (—30 —E) -S43 (EO—E) = 0. (S58)

My

The first and third term in Eq. (S58) can be combined to
cancel the quadratic spin-orbit splitting term. By chang-
ing the overall sign, the characteristic equation becomes



a cubic equation of the form

E(E—Eo) (E+Ao)—h22k2EP(E+2A°) =0,

mo 3

(Sh9)
which was given by Kane (1957) in Eq. (10) and by Kane
(1966) in Eq. (38). See also Bartoli (PRB 27, 2248, 1983)
in more common recent notation identical to Eq. (S59).
This becomes equal to the earlier characteristic equation
(S33) if we set the spin-orbit splitting Ap=0. Kane (1966)
calls Eq. (S59) the small-gap approximation, because it
ignores the interactions with other "remote” bands, for
example the p-antibonding upper conduction band, the
s-bonding lower valence band, or d-orbitals.

This characteristic equation (S59) is a cubic equation,
which can be solved analytically with modern computers.
We will show the results below, but first we discuss the
approximation that the spin-orbit splitting is much larger
than the band gap, which is appropriate for InSb.

S7. APPROXIMATION FOR LARGE SPIN-ORBIT
SPLITTING

If the spin-orbit splitting Ay is large, then we can make
the approximation E + Ag~Ag. The secular equation
(S59) then becomes quadratic and reduces to

E (E - Eo> 2R (S60)

3 2m0
because the Ag term can be cancelled. This character-
istic equation is the same as in Eq. (S33) except for a
factor % The conduction and light hole bands are then
described by an expression similar to Eq. (S36), except
for the additional factor %, and are given by

k2 E h2k2 P2
Esy = +O<1j: 148 >:

2mg 2 3miE?
Il S O 8 R2k?Ep

= — (1414 -— S61
2m0 + 2 + 3 2m0E3 ’ ( )

compare Eq. (13) in Kane (1957) or Eq. (50) in Kane
(1966). The heavy hole band in the 8x8 approximation
(which ignores interactions with the p-antibonding con-
duction band) still has the wrong curvature given by Eq.
(S35). The split-off hole band E5 is not included in this
approximation.

We can expand the square root for small values of k,
which leads to the parabolic approximation

L
2mg 3 miEy
h2k? (2 Ep
S—+1
+ 2m0 (3 EO + ) ’
h2k? 2 h2k2P? R2k? (2 E
L= 222 1)(63)
2m0 3 mOEO 3 EO

Es = Ey+

= F (S62)

Ey =

__2m0
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FIG. S3. Band structure of InSb near the Brillouin zone cen-
ter calculated from a 4x4 k - pmodel within the approxima-
tion for large spin-orbit splitting. The electron, light hole, and
heavy hole bands are shown in red, green, and blue, respec-
tively. Thick lines show the dispersion calculated from Eqgs.
(S61) and dotted lines the parabolic approximation (S62) and
(S63). Dashed and dot-dashed lines include the corrections
proportional to k* and k° given by Eq. (S70) and (S71). The
wave vector is shown in atomic units (inverse Bohr radii).

The effective electron mass in this approximation for
large spin-orbit splitting is

1 2Ep 2Ep+3E, 2Ep
=14 ZEPT R0 22 S64
m: T3, 3K, 3 Eo (564)
or
3E 3E
m’ 0 220 (S65)

" 2Fp+3E, 2Ep

as expected from Eq. (S31) with a large spin-orbit split-
ting Ag. Similary, the light hole mass for large spin-orbit
splittings is

1 2Ep 2Ep —3E, 2Ep
=—(1-2=22) =22 20 2P (566
m;‘h ( 3 Eo > 3E0 3 Eo ( )
or
3E 3 E
m, T (S67)

T 9Ep _3E, 2Ep’

if we keep in mind that the overall minus sign is needed to
ensure a negative curvature for a positive hole mass. This
also agrees with Eq. (S31) in the limit of large Ag. The
electron and light hole masses are again nearly identical
for E0<<Ep.

Using the light hole reduced mass

1 _ 1 1 _28p-3E  2Bp+3E _4Ep
fn  Mup o Me 3Ep 3Ly - 3Ey’
(S68)
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FIG. S4. As Fig. S3, but as a function of the square of the
wave vector in atomic units. For comparison, with Fig. 1 in
Kane (1957), the range of wave vectors was expanded.

we can write the light hole and electron energies in more
compact form

mk? K, h2E2 2
E34 = — | 1+£4/1 . S69
1 2mg 3 - 2mo funEo (569)

It is interesting that the expressions (S44) and (S69) are
the same in the small and large spin-orbit splitting ap-
proximations.

The nonparabolicity of the electron and light hole
bands is contained in the square-root term in Eq. (S61),
if we include higher-order terms in k2. By retaining the
next-order terms, we obtain

27.2
Eg = E[) + Wk X
2m0
2 F 4 R2k? B2 8 ikt B3
X <1+P— —g 22153>, (S70)
3 Ey 9 2mgy Ej 27 4m§ Eg
h2k?
E =
4 2m0 x
2 F 4 h2k? E2 ikt B3
x (12224 222 28 E—Q—P . (ST71)
3Ey 92mg E} 27 4m3 Ej

These equations are similar to those for small spin-orbit
splittings given by Eqgs. (S45) except for the powers of %
that appear as factors.

We can also start the Taylor expansion of the square
root with Eq. (569):

- E k2 2
E374 = o <1Z|: 1+ > ==

2 2mo nEo

s

1+£1+£

Rk 1 1(5‘%2)2 4

[ q: [ [
2mo nEo 8 \ 2mo ) pd, ES

S8

1 (kN8
16 \ 2my u?hEg’

The light hole energy is the expression with the minus
sign

(S72)

h2k? 1 Rk 1
By =~ 5l oyt
2mo [\ 2pun 2myo 4pij, Eo
R2E2\? 1
— S73
(o) T 57
We note that the parabolic factor
1 2F 2Ep — 3E, 1
1= R0 (S74)
2pun 3Eo 3Ly my,

is the inverse light hole mass in the large spin-orbit split-
ting approximation. The next two higher-order terms in
Eq. (S73) agree with those given by Eq. (S71), but writ-
ten in terms of the reduced light hole mass. This makes
the light hole energy

h%k?
B - [

b

N A
< ) 4M?hEg
(S75)
just like Eq. (S49) in the case of small spin-orbit split-
tings.
Similarly, the conduction band energy is given by

2momy, |T 2mo 443, Eo 2mo

h2k? 1 R2EZ 1
By = E ST N L
3 o+t 2my {(2;% + ) 2mo 4/Ll2hE0+

R2E2\> 1
+ 3 2
2mg ) 4pp, B

h2 k2
= Fy+
2moms
h2k2 * h2k2 2 *
S P L T | (ST6)
2myg 4ui;, Eo 2my 4pgy, E§

just like Eq. (S47) in the case of small spin-orbit split-
tings. The expression

1 2F 1
— 1= 1=
2pp 3Ey m

(S77)

o *

is the electron mass, just like Eq. (S51) in the small spin-
orbit splitting approximation.

Kane (1966) Eq. (50) and (1957) Eq. (13) also lists the
dispersion of the split-off hole

h2k? K2k P?

— _A — =

2 ot 2m0 3m% (E() + Ao)

h2k*  R2k? Ep

= —AO —
2m0 2m0 3 (EO + Ao)
h%k? Ep

= —Ap— -1 S78

* 2mg {3 (Eo + Ao) } (579



See also Yu & Cardona Eq. (2.59). We will derive this
expression later in the context of the perturbative solu-
tion to the cubic characteristic equation in Sec. S9. The
inverse split-off mass if therefore

1 Ep

_ 1. S79
mi, 3 (Eo+ Ao) (879)

In principle, these expressions are expected to be quite
accurate for InSb, where the condition Ay>FEy is sat-
isfied, except for the contributions of ”remote” bands.
(For a-Sn, on the other hand, Ej is about half of Ay and
therefore the approximation for large spin-orbit splitting
will be less accurate.) However, since Ep/Ey~100 for
InSh, the range of applicability of Eqs. (S70) and (S71)
is even more limited than for GaAs. Using the same
convergence criterion (S52) as for GaAs, we expect the
nonparabolicity corrections to converge only if

E*<01x107* or k<0.01 (S80)

for InSb (in atomic units for k). In energy units, the
nonparabolic corrections (S70) and (S71) are not useful
more than 70 meV from the band edge.

Figure S3 shows the top valence bands and the low-
est conduction band of InSb in the center of the Bril-
louin zone. The dotted lines show the parabolic elec-
tron and light hole bands. The electron and light hole
masses were calculated with Eq. (S31) using the param-
eters Fp=0.237 eV, Ay=0.81 eV, and Ep=23.1 eV given
by Lawaetz 1971. The thick solid lines show the non-
parabolic bands for the electron, heavy hole and light hole
bands calculated using Eqgs. (S61) within the large spin-
orbit splitting approximation. The nonparabolic correc-
tions given by Egs. (S70) and (S71) are only applicable
for very small wave vectors, as shown by the dashed and
dot-dashed lines.

For comparison with Fig. 1 in Kane (1957), we also
show the energies near k=0 on an expanded wave vector
scale as a function of the square of the wave vector in
atomic units, see Fig. S4. Despite neglecting the influence
of "remote” bands, the agreement with Kane (1957) is
quite good.

Additional improvements to the electron and hole dis-
persions for large spin-orbit splittings were given by Kane
(1966) in Eqgs. (52-56). Also, corrections to the elec-
tron and hole dispersions were given by Earnest Johnson
(Semiconductors and Semimetals, Vol. 3, 1967), Egs.
(41-44) without an explanation.

S8. VIETA’S SOLUTION TO THE CUBIC
CHARACTERISTIC EQUATION

The eigenvalues of the 4x4 Hamiltonian (S57) are
given by the characteristic equation (S59)

B2k2 _ 9A
o Er <E + 3°> =0.

mo
(S81)

B (B~ Eo) (B+2a0) -

S9

With the substitution
_ 1 h2k>
N 3 Qmo

A? Ep, (S82)

this can also be written as
- /- - - 2A
E (E Eo) <E v Ao) 34 (E +53 > 0. (S83)

We collect the powers of E to find the cubic equation
B3+ E? (Ao — Eg) — E (EoAg + 3A%) — 2427y = 0.

(S84)

This equation is of the form
az® + bz +cx+d=0 (S85)

with the coefficients
- h2k?

x—E—E—2mO, (S86)
a = 1, (S87)
b = Ay — Ey, (S88)
¢ = —FEyAg— 342, (S89)
d = —24%A,. (S90)

This general cubic equation can be reduced to a de-
pressed cubic equation (see Wikipedia)

B4 pt+q=0 (S91)
with the substitution
t—x—i—i—x—F}(A — Ey) (S92)
- 34 3 0 0)>
_ 3ac— b2 _
P= 32 =
1
= —FEyAy— 342 — 5 (Do - Eo)?, (S93)
263 — 9abc + 27a2d 2 3
¢ = 2743 = g7 (Bo—Eo)"+
1
+ 3 (Ag — Ep) (EoAo + 3A%) —24%A,.  (S94)

The three solutions to the depressed cubic equation (due
to Vieta, see Wikipedia) are given by

— 1 3 -3 2
tn, =24/ ?p cos [3 arccos (2; p) - 7;71] (S95)

for n=0, 1, 2. We note that p is negative. Therefore, the
arguments under the square roots in Eq. (S95) are real.

Using these expressions, the exact solution to the cu-
bic characteristic equation for the 4x4 k- p Hamiltonian
can be programmed in MATLAB. Results are shown in
Figs. S5 and S6 for GaAs and InSb together with the ap-
propriate small or large spin-orbit approximation. The
corrections for the conduction band are moderate, but
large for the light hole band in GaAs, which strongly
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FIG. S5. Heavy (blue), light (green), and split-off hole (black)
and electron bands (red) of GaAs near k=0 calculated from
the cubic characteristic equation (S59) of the 4x4 k - 7 Kane
Hamiltonian (S57) for finite spin-orbit splitting (solid) and
from the small spin-orbit approximation (S36) (dotted).
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FIG. S6. Heavy (blue), light (green), and split-off hole (black)
and electron bands (red) of InSb near k=0 calculated from
the cubic characteristic equation (S59) of the 4x4 k - p Kane
Hamiltonian (S57) for finite spin-orbit splitting (solid) and
from the large spin-orbit approximation (S61) (dotted).

couples to the split-off hole band, as mentioned by Bar-
toli (1983).

Figure S7 shows the inverted band structure of a-tin
with the I'; s-antibonding valence band in green and the
p-bonding F; conduction band in red, calculated from
the 4x4 k- Kane Hamiltonian (S57) (solid). The devia-
tions from the parabolic bands (dotted) are even stronger
for a-tin than for GaAs and InSb, presumably because of
the strong interaction of these bands with the I'j split-
off hole band. The T'; and I'{ valence bands are nearly
parallel across a large volume of the Brillouin zone, giv-
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FIG. S7. T§ conduction (red) and valence (blue) bands, T';
valence band (green), and F}*‘ split-off band for a-Sn calcu-
lated from the 4x4 k - 7 Kane Hamiltonian (S57) (solid) and

the parabolic bands (dotted) with effective masses given by
Carrasco (2018).

ing rise to strong allowed intravalence band transitions
at the inverted Ey band gap in p-type a-tin or at room
temperature.

S9. PERTURBATIVE SOLUTION OF THE 4x4
CHARACTERISTIC EQUATION

The approximations for small and large spin-orbit
splittings derived in Secs. S5 and S6 resulted in expres-
sions (540) and (S65) for the effective electron mass. Nei-
ther of these are satisfactory, because they do not yield
the electron mass (S31) calculated using non-degenerate
perturbation theory. Instead, we pursue a perturbative
approach to solve the cubic characteristic equation

E3 4+ E? (Ao — Eo) — E (BoAo +34%) —2A4%Ag =0
(596)
for small wave vectors (but arbitrary values of Fy and
Ag), where A was defined in Eq. (S82). With the substi-
tution

34 %K Ep

= EQAO N 2m0 AoEO’

(S97)
the characteristic equation becomes

. - - 2

E? + E? (Ao — Ey) — EEAg (14 ¢) — geEoAg =0,
(598)

For small wave vectors (and thus small values of €), we

write the modified energy Fasa Taylor series in powers
of €, up to second order

E =X+ Aie 4 Aaé? (S99)



and substitute Eq. (S99) into Eq. (S98). With the inter-
mediate expressions

E? ~ A3+ 2 ohe+ (A +200X2) €2, (S100)
E* ~ N+ 3A3 e+ 3 (M2 + XoAD) €2, (S101)
the characteristic equation (S98) becomes
AD + 3NGA e+ 3 (A5A2 + AoAT) € +
+ [A§ + 2 0d1e + (AT 4 2X00)2) €8] (Ag — Ep) —
2

— (Mo + A€+ Xae?) EgAg (1+€) — geEoAz = ([S102)
This characteristic equation (S102) must be valid for all

orders of €. This yields three equations for the Taylor
series coefficients in Eq. (S99).

A+ M2 (Ag — Ey) — MEoAg = 0,  (S103)
3NN+ 200\ (Ag — Ep) —
2
— (Ao + A1) EoAg — gEOAg =0, (S104)

3 (M52 + AoAT) +
+ (AT 4+ 2X0)2) (Ao — Ep) —

— ()\1 + )\2) EyAg = 0. (8105)

If we are interested in the dispersion of the light hole
bands, then we know that A\g=0. Equation (S104) there-
fore yields

2
M = =24 (S106)
and Eq. (S105) yields
AA2 2 2 2,
=——4+-Ag==Ag|(14+—. 1
Ao 9E0+90 90(+EO (807)

We insert this into Eq. (S99) and find the modified
light hole energy to be

_ 202k2 Ep 2 200\ (h2k2\? E2

By = 1+ 5
EO 2m0 AOEO

(S108)

The light hole energy Ej, is determined from Eq. (S17)

and turns out to be
27.2 2 27.2
hk{ +g EP2(1+2A0)hk}.
27’)’7,0 9 A()EO EO 2m0
(5109)
The first (quadratic) term in this expression yields the
light hole mass

T3%mg Bo | 9

_2Ep
3 E,

Ey =

1 2By | 2Be 3K

S110
my, 3 Ky 3Fy ( )
This is the same expression as in Eq. (S66) for the large
spin-orbit approximation. For the small spin-orbit split-
ting approximation, Eq. (S42) yields a different result,

S11

because the strong interaction with the split-off band has
been neglected. The second (quartic) term in Eq. (S109)
approaches the lowest-order nonparabolic correction in
the limit Ag>FEy given by Eq. (S71), but offers a modi-
fication for a finite spin-orbit splitting. As shown in Fig.
S8, the perturbative solution (S109) to the cubic charac-
teristic equation actually provides a poorer approxima-
tion to the full solution in Sec. S8 than the lowest-order
nonparabolic correction in Eq. (S71) in the approxima-
tion for large spin-orbit spittings.

We find the dispersion of the split-off hole band by
setting A\g = —Ay. For this band, Eq. (5104) yields

1 EyAyg
NM=—c5—" S111
T U8By + A (S111)
and Eq. (5105) yields
2
L= _E§A (Ao + 2E0). (5112)

9(Eo + Ag)®

We insert these expressions into Eq. (S99) and find the
split-off hole energy

21.2
Eso = _AO - Ik |:
ng

Ep

3(Eo +Ao) }_
R2k2\° B2 A+ 2E,

N < ) Ao 9(Ey+ Ag)®

(S113)

2m0

The quadratic term in Eq. (S113) contains the inverse
effective mass of the split-off hole (in square brackets),
which we have already mentioned in Eq. (S79).

Finally, we find the dispersion of the conduction band
by setting Ao = Fy. For this band, Eq. (S104) yields

Ey M Eo+ Ay

(S114)
and the parabolic expression for the conduction band is
therefore

N Ao (Eo + 2A) _ Eolo (2 1
! Eo+ Ao 3

h2k? Ep Eo+ 2A,
E, = Fp+— |14+ =—— 3~ S115
O 2my [ Ey E0+A0] ( )
h2k2 Ep [ 2 1
= F 1+ — | —=—+———|(P116
O+ 2m0 |: + 3 (Eo + Eo +A0>{F )
h2k?
= F S117
o+t 2mome ( )

The expression in square brackets is the inverse effective
electron mass

Lo EBe(2, 1
m: 3 \Ey Ey+A

given already in (S31) as found from non-degenerate per-
turbation theory. It also agrees with Eq. (S40) in the
limit of Ap=0 and with Eq. (S65) in the limit of large

(S118)



spin-orbit splittings. The inverse reduced light hole mass
in this approxmation is

A1 [A1 (2E0 + Ag) — EoAg]

1

1

4

Eq

1
Ey+ Ag

1 Ep
m

3

Min m?h

= > . (S119)
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Equation (S105) yields

Ap = — o (Fo + Ag) (S120)
We note that
nee (1) FE gy
and therefore
Ao = _Me[Me(2E0 + Ao) — Eoloe]
Ey (Ep + Aop)
1 22F) + Ao — £55 /p2p2

me

() ()

The middle factor can be simplified using Eq. (S31) as
follows

WTE FEy (Eo + Ao) 2mg

2Eo + Ao — 25+
Ey (Ep + Ao)
2Ey + Ao — w5 salraa—
_ 3 EO(E0+AO) _
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_ 2Bo+ Ay — 35EER)
Ey (Eo + Do)

3E§ +2EgAg + 2EgAg + 2AF
Eo (Eo+ Qo) (3Ey +280)
Eo (3Ey +2A¢) + 240 (Eo + Ag)
Eo (Eg + Ao) (3Ep + 2A) B
1 20 1
Eo+Ay Ey 3Ey+27y

(S122)

We insert these expressions into Eq. (S99) and find the
conduction band electron energy

2.2 Es+ 2A
st [ R |
~ (1_1>2( 1 20, 1 ><h2k2
Me Ey+ Ag Ey 3Ey + 240 2my
21.2
- a5 (B Erm)]
~ (1_1>2( 1 +2A0 1 ) (521@2
Me Ey+ Ay Ey 3Ey +2Ag 2myg

The result of this approximation (S123) is shown in Fig.
S8. It provides about the same accuracy as the lowest-
order nonparabolic correction for large spin-orbit split-
tings given by Eq. (S71).
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FIG. S8. As Fig. S6 for InSb, but we have added thick dashed
lines to indicate the light hole and electron dispersions from
the perturbative solutions to the cubic characteristic equa-
tion, as given by Egs. (5109) and (S123).

$10. HEURISTIC INTERPOLATION BETWEEN SMALL
AND LARGE SPIN-ORBIT SPLITTINGS

As we have seen previously during the derivation of
the light hole and electron energies for small and large
spin-orbit splittings, both approximations yield the same
expressions given by Eqgs. (S44) and (S69)

(1:|: 1+

but the definitions of the reduced effective mass is differ-
ent in both cases. We can expand this equation for small
wave vectors, keeping only terms up to k%, and find

K2k
B3y =

)

h2kZ 2
2mg unEo

LB

5 ) . (S124)

2m0

P i PO S i 2 omy,
1 2mom};, 2myg 4u, Eo 2mg ) Apd, E?
(S125)
for the light hole band and
h%k?
E3 = E0+ X
2moms
h2k2 * h2k2 2 *
- e+ M (s126)
2mq 4pui, Eo 2my dpy, B

(S123for the electron band.

It is tempting to use these expressions, although they
were derived as approximations for two special cases, also
for the general case of band gaps and spin-orbit split-
tings, with the light hole, electron, and reduced effective
masses obtained from the perturbative solution, as given
by Egs. (S110), (S118), and (S119). This provides an
elegant method of interpolation between the small and
large spin-orbit approximations. One might also use the
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FIG. S9. Similar to Fig. S6 for InSb, but calculated with the
reduced mass expressions (S124), (S125), and (S126). Thick
lines show the heavy hole (blue), light hole (green), split-
off hole (black), and electron bands (red) of the cubic char-
acteristic equation given by Eq. (S95) (solid) and from the
large spin-orbit approximation (S124) (dashed). Thin lines
show the expansion of the square root including terms pro-
portional to k* (dotted), k* (dashed), and k° (dot-dashed).
Parabolic bands for the heavy and split off holes with exper-
imental masses are also shown.

experimental masses or those calculated from a larger k- D
Hamiltonian for improved accuracy.

Whether this approach will work, however, is not guar-
anteed and needs to be checked by comparison with more
precise calculations. It is particularly problematic to use
the electron (or light hole) mass from one type of approx-
imation and the reduced mass from another.

Results are shown in Figs. S9 and S10 for InSb. Only
the exact solutions (S95) to the cubic equation and the
square-root expression (S124) in the approximation for
large spin-orbit splittings yield reasonable results. The
expansion of the square root up to terms linear in kS
only results in a good approximation for a wave vector
kap below 0.01 (energies of no more than 50 meV above
the conduction band minimum). Due to the small band
gap, nonparabolicity effects are very large. Because of
the small gap, the expansion of the square root diverges
very quickly and the coefficients become larger for higher-
order terms.

S11. NONPARABOLICITY PARAMETERS

So far, our focus has been to find expressions for the
band energies as a function of wave vector and we have
plotted these results with various approximations derived
from the 4x4 k - 7 Kane Hamiltonian (S57). Sometimes,
it is also necessary to write the wave vector as a function
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FIG. S10. Same as Fig. S9, but drawn with the square of the
wave vector (in atomic units, i.e., inverse Bohr radii) on the
horizontal axis.

of energy
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where i is the band index and the as and (s are the
lowest-order nonparabolicity coefficients. The units of
the unprimed coefficients are an inverse power of energy,
while the primed coefficients are dimensionless. For the
heavy and light hole bands, we define Ei, b, = —€in,hh to
keep the effective masses positive. For the electron and
split-off hole bands, ¢; is the excess energy above or below
the band extremum, i.e., F, = Eg+ €. for the conduction
band and Ey, = —Ag — € for the split-off hole band. To
simplify the notation, we also define K? = h2k?/2my,
which implies the use of atomic units (Bohr radius and
Hartree as units for length and energy).

Since Vieta’s solution (S95) to the cubic characteristic
equation (S59) is ”complicated” (see Bartoli 1983), we
begin by deriving the nonparabolicity parameters in the
small and large spin-orbit splitting approximations.

A. For small spin-orbit splittings

Conwell and Vassell (Phys. Rev. 166, 797, 1968) intro-
duce a non-parabolicity parameter «, which is required
for the calculation of the joint density of states. Since
they are interested primarily in GaAs, where Ag<Ey,
they start with the characteristic equation for the con-
duction band for small spin-orbit splitting (S36)

Ey [ ] E
ee:K2+20< 1+4K2E—§— ) (S128)
0



where €, is the energy referenced to the conduction band
minimum at the I'-point. This can be solved as a function
of the square of the wave vector as follows:

E)\? FE? Ep
—K?24+ 2 =20 (14+4K%2 = 12
(ee + > ) 1 ( + Eg , (5129)

1 1
K*—K?Ey—2K%¢, + €. Fo+ ¢ + ZEg = ZEg + K?Fp,
(S130)

K* — K? (Ey+ Ep + 2¢.) + €. (Eo +¢.) =0, (S131)

This biquadratic equation has the solution

1
K? = 5 [(Eo + Ep +2¢.) £

+ \/(Eo + Ep + 2¢.)* — 4e. (Eo + ee):| -

1
= €ty {(E0 + Ep)+ \/(Eo +Ep)®+ 4eeEp] =

Ey+ Ep

466Ep
= €¢ + 5

We have selected the solution with the minus sign, be-
cause we are looking for a solution where €.=0 for k=0.
This equation (S132) is the same as Eq. (2.2) by Conwell
and Vassell (1968).

For sufficiently small energies €., we can expand the
square root to find

F 22 2e3E3
K2 = ¢, — CeP eePS_ €ep5:
EO"'EP (E0+Ep) (E0+Ep)
'1 Ep 2 223,
= 66 —_ —_ =
| Eo+Ep  (Eg+Ep)’  (Ey+Ep)
[ R, . € E2 2E3,
= €¢ — 5 =
_EO +Ep (Eo-‘rEp)S (Eo + Ep)
[ 2 2713
= €¢ m: + GSEP 3 EEEP 5 —
= mre |14 ey EEE})’D _
e myg (EO + EP)

We have used Eq. (S40) for the effective electron mass
within the small spin-orbit approximation. Equation
(S133) is the same as Eq. (2.3) in Conwell and Vassell
(1968).

We take the effective mass to the left hand side to ar-
rive at the definition of the non-parabolicity parameters
a, and [, for the conduction band

K? 1+ eE% €23,
= 66 —_ =
mg Eo (Eo + Ep)? Eo (Eo + Ep)*

S14

= € (1+aeee—|—ﬂee§) =
2
Ee(1+a,eee+ﬂ,ee>7

e 2
0 Eo

(S134)

following the definition given by Eq. (2.4) in Conwell and
Vassell (1968) or (for the primed quantities) the defini-
tion given by Bartoli (1983) in Eq. (A2). By comparing
the coefficients, we find

E? 1
e = ——P (S135)
Ey (EQ + Ep) Ey
E2
of = —P (S136)
(Eo + Ep)
28% 2
P NS (S137
2 Eo (Eo + Ep)! EoEp (8187)
2E,E3 2F
fL= —— 2Py 20 (S138)
(Eo + Ep) Ep

These expressions were given by Conwell and Vassell
(1968). The approximations are valid for e<E, and
Ey<Ep, which is usually the case. It seems that Eq.
(S127) converges faster than Eq. (S45). Equations (S135-
S138) agree with Eq. (A3a-A3b) in Bartoli (1983) for
Ap=0.

We can apply the same formalism to the light hole
band, where we start with Eq. (S36)

E, Ep
K2+ = [1—-,/1+4K2= | =
+2( Jis Eg)
E E
- 0(,/1+4K2§—1>. (S139)
EO

This is the same equation as Eq. (S128) except that Ej
has the opposite sign. We also need to consider that
the light hole energy Ej; is negative and its mass myy, is
positive. The outcome is therefore

Ey,

K2

2 _ Lo EnE} B, Ep
K* = By |- 3 5|
EP - EO (Ep — EO) (Ep — E())
_E B, EygEp EpEp | _
" | Br - Eo (Ep — Eo)®  (BEp—Ey)°
E,,E? E2 E3
= —Ei [mup — P 3 P __ 1. (S140)
(Ep — Eo) (Ep — Eo)

By bringing the light hole effective mass over to the left
hand side and using Eq. (S42), we obtain

K2 = —Ly [1- By Ei P -
My, Ey (Ep — Ey)®  Eo(Ep — Eo)"
= —Fj, (1 — o B+ BlhEIQh) =
Ey, E}
= —Ey <1 - aghfo + 5z/hE7l§ ) (S141)



By comparing the coefficients, we find

E? 1
o, = —PQ N —, (S142)
Ey (Ep — Ep) Ly
E2
oy = —P 1, (S143)
(Ep — Eo)
2K, 2
_ ~ , S144
Bin Bo(Ep — B~ Eor (S144)
2FEE3 2F
Bin = P~ 2 (S145)

(Ep — Eo)* T EBp

Bartoli (1983) mentions that applying the small spin-
orbit approximation to the light hole bands is not mean-
ingful, since the light hole and split-off hole bands are
strongly coupled for small spin orbit splittings. We have
shown this already in Fig. S5.

B. For large spin-orbit splittings

Next, we discuss how the conduction band nonparabol-
icity parameters (S135-S138) need to be adjusted in the
limit of large spin-orbit splittings. The characteristic
equation (S61)

Rk E, 8 h2k2Ep
o O+ 142 S146
4= 50 T t3 2mo B2 (S146)
2

has an additional factor § under the square root. We

rewrite this equation for the conduction band as

Eo 8 Ep
=K+ — 1+ -K2— —
€e + 2 ( + 3 E02 )

(S147)

to show the similarity with Eq. (S128) for vanishing spin-
orbit splitting. We need to solve this equation for K2,
just like in the case for vanishing spin-orbit splitting.

E 2 E2 8 EP
_K2.20) X0 K22
(66 K > <1 3K g> 5

. ! (S148)

1 1 2
K*—K?Ey—2K?¢.+e.Ey+€e*+ ZEg = ZEg + §K2Ep,
(S149)

2
K*-K? (Eo +3EBp+ 266) +e€c (Eg +€.) =0, (S150)

1 2
K? = 5 [(E(]+ 3Ep+2€e> +

9 2
+ \/(E0+3EP+265) —de. (Ep+¢€.)| =

S15
1 2
= e +=-||Ey+=-Ep |+
6—&-2{( 0+3 P>

2
2 8
\/( 0+3 P) +36P

+
Ey+ZE Se.E
:€e+073'13 1— 1_5_&@ 51)
2 (Eo + 3E¢)

For sufficiently small energies €., we can expand the
square root. The derivation works exactly the same way
as for small spin-orbit splitting, except that E'p needs to
be replaced by %Ep. We obtain

(3Er)” 1

= P2 S152
¢ By (Eo+2Ep)°  Eo (5152)
2 2
2FEp
o = (Eﬁi QJ)EP)Q ~1, (S153)
3
2 3
B, = — 2(55r) ~oS (S154)
‘ EO (EO —+ %Ep)4 EOEP’
g = - 2he\he) (32r) ~ _3E0 (S155)
‘ (Bo+ 2Ep)"  Ep’

We find that the first-order nonparabolicity coefficient o,
is still about one, but the second-order coefficient /3, has
increased by a factor of % We expect the same conver-
gence criteria e< FEy and Eyg< Ep as for small spin-orbit
splittings.

We can use the same approach for the light hole band
and find for large spin-orbit splittings

2p 2
T % ~ Ei (S156)
Ey (2Ep — Eo) 0
2 2
(3Ep — Eo)
2 (2Ep)° 3
Bin = i ~ , S158
"R (2Ep — Ey)"  EoPBp (5158)
2B, (2Ep)°
B = 250 (5Br)" 380 (S159)

(38 - E0)" " Br

These equations agree with Bartoli (1983), Eqgs. (A3a-
AG6), in the limit of large spin-orbit splittings. For InSb,
this expansion should produce better results than for
GaAs, because the interaction of the light and split-off
hole bands is weaker in InSb, see Fig. S6.

C. Using the electron/light hole reduced mass

For this section, it is important to use the masses ob-
tained from the large spin-orbit splitting approximation



consistently. If we miz and match the masses from dif-
ferent approxzimations, then Eq. (S163) will not be valid.

We can also start the calculation of the nonparabolicity
parameters o and S with Egs. (S44) and (S69) for the
conduction band, which read

Eo( 2 >
ce=K*+ 2 (/14 K2 —1),
2 tinEo

(S160)

where ¢, = F — Ej is again the energy of the electron
above the conduction band minimum. This leads us to
the biquadratic equation

E
K*—K? <E0 + 2/$7l0h —|—2€e> +e€e (€e + Eog) =0, (S161)

which has the solution

E 1 %,
K2:ee+20<1+2 ) 1— |1+ d 3
Hin 1
tanEo (1 + QMh)
(S162)

We recognize the term in round parentheses as the inverse
effective electron mass given by Egs. (S51) and (S77).
This simplies the expression for K2 to read

Ey 2€,m*2
K?=¢ + 1— 14 =2 |. S163
2m} ( HinEo ) ( )

By expanding the square root in orders of €., we obtain

K2 = €¢ (1 - e +
2pun

*3 *5 2
me €. my e;

A2 By A E3

) . (S164)

Equations (S51) and (S77) imply that the first two terms
inside the parentheses are equal to the effective electron
mass:

*

- —. S165
2pp, ( )

m

The wave vector as a function of energy can therefore be
obtained from

(S166)

*2 x4 2
K? = m’e <1+ Me Ce _ Me e )
- eCe .

4G, EBo 43, B

The nonparabolicity parameters for the electron band
are therefore given by, with reference to Eq. (S165),

*2 2
m} (1 —me)
Qe = = , S167
© O ApfEo Ey (5167)
*2 * 2
!/ m m *\ 2
a, = ¢ = £ =(1- meg) , 8168)
Apf, (%lh) ( AN
mit —2m: (1 —m?)>
Be = ——355 = < < (S169)
Ay, B 2
/. m:4 _ * _ *\3
B = =-=2m(1—m})". (5170)

4M?h
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These nonparabolicity parameters were derived for both
the small and large spin-orbit splitting approximations.
It is tempting to use them also for the case of general
spin-orbit splittings, since they offer an elegant way of
interpolating between both limits. We note that Egs.
(S168) and (S170) are the leading factors in the non-
parabolicity expressions given by Bartoli (1983) in the
limit of large spin-orbit splittings. Compare also Eqs.
(1f) and (6a) in Palik, Picus, Teitler, and Wallis (1961).
o/, is approximately equal to unity, since the effective
electron mass is small. 8 is on the order of the effective
electron mass, i.e., much smaller than a.
For the light hole band, the energy is

E 2
Ey = K% — 70 (, /1 +K2thO ~ 1) . (S171)

which leads to the biquadratic equation

E
K*— K? (-Eo + =2 +2Elh> + Ein (B — Eo) = 0.

2pun
(S172)
This equation is similar to Eq. (S161) for the conduc-
tion band, except that both Fy and p;, appear with the
opposite sign. The solution is therefore

Ey 1 2E,

K2E,<1> 1— |1+
" 20

2
tinEo (1 - Qulm)

(S173)
The term in round parentheses is related to the inverse
light hole effective mass through Eqgs. (S48) and (S74).
This simplies the expression for K? to read

EO 2Elhm*2
K?=E; + 1— 414+ /21 S174
h 2my, inEo ( )

By expanding the square root in orders of Ej;,, we obtain

2un 4M12hE0 4ﬂ?hE§
Equations (S48) and (S74) imply that the first two terms

inside the parentheses are related to the effective light
hole mass by

K?=E}, (1 -

(S176)

If we remember the definition ¢, = —E;;, from the be-
ginning of Sec. S11, then the wave vector as a function
of energy can be obtained from

2
My €mn
2
4pi, Eo

(S177)

4 2
mie
K2 = mfhﬁlh (1 + lh lh> .

4,LLl3hE[2)

Equations (S166) and (S177) are not identical, if we
change the band subscripts for the energy and for the



TABLE SI. Effective masses and nonparabolicity param-
eters for InSb at low temperature, calculated with the
values Fp=0.237 eV, Ap=0.81 eV, and Ep=23.1 eV
taken from Lawaetz (1971). The top row uses the
limit of large spin-orbit splittings in Sec. S7 with Egs.
(S65,566,568,5168,5170,5179,5181). The second row uses
the perturbative approximation in Sec. S9 with Eqgs.
(S110,S118,5119,5168,5170,5179,5181). The third row lists
results with finite spin-orbit splittings from the Appendix in
Bartoli (1983).

mg mp, Hih e Be 2 Bin

0.0152 0.0156 0.00769 0.970 —0.029 1.032 0.033
0.0136 0.0156 0.00728 0.973 —0.026 1.032 0.033
0.0136 0.0156 0.00728 0.896 —0.075 1.182 0.264

effective mass (but not for the reduced mass), because
they have the opposite sign for the quartic nonparabol-
icity parameter [’

The nonparabolicity parameters for the light hole band
are therefore given by, with reference to Eq. (S176),

*2 2
myj, (1 +myp)
aip = = 5 S178
4“l2hE0 EO ( )
*2 * 2
/ My mm) * 12
= =(=—2) =04+my,)", (S179
n = T = (FB) — ), ©17
mi oms, (1+m5)°
Bin = . th e, (5180)
0, 7 I
m*4 . .
Bl = YN b =2mj, (1+mj,)>. (S181)
Hin

Equations. (S179) and (S181) are the leading factors in
the nonparabolicity expressions given by Bartoli (1983)
in the limit of large spin-orbit splittings.

The expressions given in this section are evaluated as
shown in Fig. S11 for the electron and light hole bands of
InSb. The parabolic approximation (dotted) is poor ex-
cept for very small energies above the conduction band
minimum or below the valence band maximum. Keep-
ing only the lowest-order nonparabolic term «; is a good
approximation to the exact expression containing the
square root. If the B;-term is included (dot-dashed), the
deviation from the exact square-root expression (S163)
is nearly indistinguishable on this scale. This energy dis-
persion is quite similar to that calculated by Kane (1957),
Fig. 1, using an 8x8 k - p-model with corrections due to
interactions with higher-energy bands.

While the light hole mass of m;;,=0.0156 given by the
large spin-orbit splitting approximation is similar to the
experimental mass, the electron mass of m.=0.0152 is
about 10% too high. But inserting the experimental elec-
tron mass (m.=0.013 or 0.014) in Eq. (S163) yields in-
consistent results, because different approximations are
mixed in the expressions, with invalid outcomes.

Table SI shows the effective electron and light hole
masses and nonparabolicity parameters calculated in dif-

S17

ferent approximations.

D. Bartoli’s expressions

Without much discussion and no derivation or refer-
ences, Bartoli et al. (1983) give the following expressions
for the effective masses and the non-parabolicity:

Ag
_ 2o 182
b= g (S182)
1 Ep (2 1
=14+ == 1
T + 3 <E0+E0+Ao>’ (S183)

. (6 +1.5)m?

Mih T ST — e (26 + 2.5) (5184)
(1 —m2)? (1.5 + 26 + 6?)

e — y 1
o (15+3)(149) (5185)
5 —2(L-mp)® [8%  mi(15+20+0%)° &

(15467 (1+0) |4 1+5

1
o = (L4+mp,)? (1 + 25), (S187)

1 3 1\?
— +—+2mf ([ 1+ = 1

They mention that Eq. (S185) was previously given by
Palik et al. (1961), but that is not immediately easy to
see.

The square of the wave vector as function of the ex-
cess energy €; evaluated using the Bartoli expressions is
shown in Fig. S12. The splitting between the electron
and light hole bands is larger for these expressions than
for the large spin-orbit splitting approximation, because
the second-order corrections involving the §;-terms are
larger. Overall, the agreement with the bands calculated
by Kane (1957) is worse than for the pure approxima-
tion for large spin-orbit splittings. Therefore, it does not
seem beneficial to use the Bartoli expressions for InSb.

B = (1+mp,)?

E. Expression given by Menendez (2020)

Menendez (2020) introduced a nonparabolicity param-
eter for the conduction band

3/2 1 !

Ar=3 (E0+EO+A0> '

In our notation, 2Ar = 1/a,. Therefore, Ar should ap-

proach Ey/2 for both small and large spin-orbit split-

tings. This condition is fulfilled for small spin-orbit

splittings, but not for large spin-orbit splittings, where

Ar = 3Ey/4. Therefore, the use of Ar for InSbh is not

recommended, because it will underestimate the non-
parabolicity by up to 30%.

(S189)
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FIG. S11. The square of the wave vector (in atomic units)
versus energy from the extremum for electrons (red) and light
holes (green) in InSb, calculated using Eq. (S163) within the
large spin-orbit splitting approximation (solid), using masses
from Table SI. The dotted lines show the parabolic band dis-
persion. The dashed and dot-dashed lines show the next two
terms in the Taylor expansions of the square root. Only the
first term (8;=0) gives a good approximation (dashed). If the
Bi-term is included (dot-dashed), the deviation from the ex-
act square-root expression (S163) is nearly indistinguishable
on this scale.
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FIG. S12. As Fig. S11, but evaluated using the expressions
given by Bartoli et al. (1983).

S12. DENSITY OF STATES

For the calculation of the chemical potential, we need
the density of states

1 - I
gi(e)) = — [ &’ké (Ez — ;) ::45,]( k*dks (B, — €;),

473 2 Jo
(S190)
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where ¢ is the band index. We have included the spin
degeneracy and assume that the bands are spherically
symmetric.

By taking the derivative of Eq. (S127) on both sides,
we find

(S191)

dk — /mOQmi 14+ 20¢; + 3ﬂ1622 de,
2hZ¢; vV 1+ e + ﬂlézz

compare Bartoli (A7), and

X \/ei (14 i€ + Bie?) (1 + 20v€; + 3Bie ) de;.(S192)
The density of states is therefore

1 2m0mi %
i (€:) = 2\ T2 )~

compare Fox (3.24) and Masut (2022), Eq. (6). We see
that the nonparabolicity enhances the density of states
by a factor

5
(1+ 20i€; + 3Bi€f) V1 + avie; + fie? ~ 1+ Qi€
(S194)
to first order in aye; if we set (B; to zero. Since the den-

3
sity of states depends on m;, we can define an energy-
dependent density-of-states effective mass

2
m;pos (€:) = miy/ 1+ ae; + Bie? (1 + 20u€; + 3,37;612) £
(S195)
By setting 8.=0 and keeping only terms linear in a.e.,

the effective electron mass m,. increases approximately
like

Me,poS (€) = M, (1 + 5aeee> ) (S196)

3

In other words, when the excess energy ¢, is equal to the
band gap Fy (i.e., aeeer1), the effective electron mass
m, has nearly tripled. This is shown in Fig. S13, which
plots the effective density-of-states electron mass of InSb
as a function of excess energy above the conduction band
minimum. Most of the mass enhancement is due to -
term (shown by the dotted line). We therefore have con-
fidence that the expansion (S193) converges well in the
approximation for large spin-orbit splittings. The energy
dependence of the effective density-of-states light hole
mass is also shown in Fig. S13.
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FIG. S13. Effective density of states electron mass m. (black)
and light hole mass m;, (red) of InSb at 0 K as a function
of excess energy above the conduction band minimum, cal-
culated from Eq. (S195) (solid). The dotted lines show the
results with 8. or f;, set to zero. The dash-dotted lines show
the linear expansion (S196).

S13. CHEMICAL POTENTIAL WITH
NONPARABOLICITY

A. General expressions for all semiconductors

We apply the density of states (S193) for nonparabolic
bands to calculate the chemical potential p and the in-
trinsic carrier concentration n for InSb as a function of
temperature T'.

The electron density n at temperature 7' is given by

n(T) = /000 dege (¢) f (Eo +€.) s (5197)

where f (F) is the Fermi-Dirac distribution function

1
exp (%) +1

By setting 8.=0 and keeping only terms linear in c.,
we find that the density of states enhancement factor
(S194) is approximately 1 + %aeee. With the substi-
tutions y = €./kpT and © = (u— Ey) /kpT, the elec-
tron density can be written using Fermi-Dirac integrals
as (compare Menendez 2020)

n(T) = AQ(TU{FE (uk35&)+

15 /,L—EO
— TF: 1
- By (“2E)] o

f(E) = (S198)

where the prefactor N, is given by

1 2m0mek3T 3/2
Ne (T) = — <7‘rh2> .

1 (S200)
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Similarly, the light and heavy hole densities are given
by

2

15 7
—oypkgTFs | ———
+ 1 apkB 3 < kBTﬂ )

prn (T) = Npp (T) Fy <_I<§T>’

i (T) = Ny (T) [F <_ﬂ> N

(S201)

2

if we ignore the nonparabolicity of the heavy hole band,
with prefactors given by

1/2 kpT\>/?
Nu(T) = 1 (W) and
1/2 kpT\>?
N (T) = <W> S (s

We can find the chemical potential by solving the equa-
tion

n(T) = pin (T) + prn (T)

at a given temperature, for example using polylogarithm
functions in MATLAB. As an example, we show the
electron and hole density of InSb at 300 K as a function
of chemical potential in Fig. S14. For the holes, the light
hole density is only a very small contribution, because
the heavy hole is about 30 times heavier than the light
hole. Therefore, the nonparabolicity correction for the
hole bands does not matter much. The nonparabolic-
ity correction for the electron concentration is sizeable,
which can be seen from the difference between the red
dotted and solid lines.

(S203)

B. Evaluation of several scenarios for InSb

At 300 K with a band gap of 0.2 eV, Ep=23.1 eV,
a heavy hole mass of 0.43, and electron and light hole
masses calculated within the large spin-orbit splitting
approximation, electron and hole concentrations become
equal at a chemical potential of 161 meV (166 meV) with
(without) the lowest order nonparabolic correction and
a, and oy, from Table SI. Compare Rivero Arias (2023).

Two trends are seen in Fig. S14: First, the chemical po-
tential is lower when the nonparabolicity is taken into ac-
count. Second, the carrier density (at this lower chemical
potential) is higher than in the parabolic approximation.
Both trends can be understood from the nondegenerate
(classical Maxwell-Boltzmann) limit for parabolic bands
(Sze 1981, Ashcroft & Mermin 1976)

(S204)
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FIG. S14. Electron (red) and hole density (blue) as a function
of chemical potential at 300 K in the parabolic approximation
(dotted) and with the lowest nonparabolic corrections (solid).
The band gap and heavy hole mass were assumed to be 0.2 eV
and 0.43, respectively, and the electron and light hole mass
were calculated in the large spin-orbit approximation.
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FIG. S15. Chemical potential versus temperature for

parabolic bands in the non-degenerate (dashed) and degen-
erate (dotted) cases. The solid line shows the degenerate case
with the lowest nonparabolic correction in the large spin-orbit
approximation. A band gap of 0.237 eV and temperature-
independent effective masses were assumed.

If the electron mass increases due to nonparabolicity
while the density-of-states hole mass mg, remains nearly
constant, then the chemical potential decreases following
Eq. (S204). At the same time, the carrier concentration

increases like m§/4 due to Eq. (5205).

Figures S15 and S16 show the chemical potential and
the intrinsic carrier concentration versus temperature, as-
suming a band gap and effective masses that are indepen-
dent of temperature. We again see that the chemical po-
tential is lowered and the carrier concentration increased
by nonparabolicity.

In our next model for the temperature dependence of
the chemical potential and the intrinsic carrier concentra-
tion, we include the full temperature dependence of the
band gap (Debye-Waller, self energy, and thermal expan-
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ture for parabolic bands in the non-degenerate (dashed) and
degenerate (dotted) cases. The solid line shows the degen-
erate case with the lowest nonparabolic correction in the
large spin-orbit approximation. A band gap of 0.237 eV and
temperature-independent effective masses were assumed.

sion contributions) using the Bose-Einstein expression

2

Eo(T) = Ep —ag |1
0 (1) =Ep —ap |1+ o T =1

(S206)

with parameters Ep=261 meV, ap=26 meV, and
2=18.9 meV (correcting an error in the article by Rivero
Arias, 2023). We ignore the small temperature depen-
dence of the coupling parameter EFp due to thermal ex-
pansion, see Eq. (21) in Emminger (2022). The lower
band gap at high temperatures will also reduce the light
hole and electron masses according to Eq. (S31) and
(S110). The temperature dependence of the light hole
mass is not important, because the hole density is domi-
nated by heavy holes. The effective mass of heavy holes
should not change much with temperature, because this
mass is dominated by the coupling with higher-energy
conduction bands (see Dresselhaus, Kip, and Kittel, for
example). The higher gaps only change by a small frac-
tion. The temperature dependence of the heavy hole
mass (both theory and experiment) for InSb has been
discussed by Oszwaldowski and Zimpel (1988). For our
purposes, we select a constant value of the heavy hole
mass (independent of temperature) and parabolic heavy
hole bands.

The choice of the effective masses has been discussed in
the literature. Some authors, for example Oszwaldowski
and Zimpel (1988), have argued that the unrenormalized
band gap Fp should be used to calculate the effective
masses within & - p-theory. At the moment, however, we
take the view that the experimental band gap Fy (some-
times also called the thermal gap or optical gap) should
influence the effective light hole and electron masses,
with a nearly constant matrix element EFp. The effec-
tive masses therefore decrease significantly with increas-
ing temperature as the band gap closes according to Eq.
(S206).
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FIG. S17. Chemical potential versus temperature for
parabolic bands in the non-degenerate (dashed) and degen-
erate (dotted) cases. The solid line shows the degenerate case
with the lowest nonparabolic correction in the large spin-orbit
approximation. The full temperature dependence of the di-
rect gap according to Eq. (S206) and of the light hole and
electron masses was included.
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FIG. S18. Intrinsic carrier concentration versus temperature
for parabolic bands in the non-degenerate (dashed) and de-
generate (dotted) cases. The black solid line shows the degen-
erate case with the lowest nonparabolic correction in the large
spin-orbit approximation. The full temperature dependence
of the direct gap according to Eq. (S206) and of the light hole
and electron masses was included. The blue line shows a fit
to carrier concentrations determined from Hall measurements
by Oszwaldowski and Zimpel (1988).

As shown in Fig. S17, the chemical potential increases
superlinearly at high temperatures, where the band gap
shrinks significantly, see Eq. (S206) and Fig. 3 in Rivero
Arias (2023). The band gap reduction also decreases the
effective electron mass, see Eq. (S31), and therefore in-
creases the chemical potential according to Eq. (S204).
The temperature dependence of the intrinsic carrier con-
centration is shown in Fig. S18 with the temperature
dependence of the band gap and the effective masses
considered. At 800 K, the carrier concentration is in-
creased by about 33% compared to the calculation with
a temperature-independent band gap and electron mass
shown in Fig. S16, from 6x10'7 to 8x10'7 cm 3.
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FIG. S19. Effective masses of the electron (black) and light
hole (red) bands and band gap (blue) of InSb as a function of
temperature.

Oszwaldowski and Zimpel (1988) obtained the tem-
perature dependence of the intrinsic carrier concentra-
tion of InSb from 200 to 800 K from Hall measure-
ments, also shown in Fig. S18. Assuming a Hall fac-
tor of unity, they found an intrinsic carrier concentration
near 1.8x10'® ecm™3 at 800 K, about two times higher
than the carrier concentration of 8.2x10'7 ecm™3 cal-
culated with our degenerate nonparabolic model (with
temperature-dependent band gap and effective masses).
Only a much higher (perhaps temperature-independent)
density of states mass for the electrons would explain
these experimental data. The next order nonparabolic-
ity correction would not improve the agreement, because
Be<0.

For completeness, we show the temperature depen-
dence of the band gap and of the effective electron and
light hole masses in Fig. S19. As expected, all have a
similar temperature dependence. It is interesting that
the chemical potential at 800 K is about five times as
large as the band gap.

We also calculated the temperature dependence of the
chemical potential and the intrinsic carrier concentration
of InSb by assuming that the thermal or optical gap
(which enters the Fermi-Dirac distribution) varies with
temperature, while the effective masses and nonparabol-
icity parameters are calculated using k- p-theory from
the low-temperature band gap. The results are shown
in Figs. S20 and S21. With this model, the calculated
carrier density at 800 K is only 20% lower than the ex-
perimental value measured by Oszwaldowski and Zimpel
(1988). It is also a remarkable coincidence that the de-
generate nonparabolic carrier concentration is nearly the
same as the nondegenerate parabolic result.

Next, we will calculate the chemical potential and the
intrinsic carrier concentration using the thermal (or opti-
cal) gap from Eq. (5206) in the Fermi-Dirac distribution
function, while considering only the thermal expansion
contribution to the band gap changes in the calculation
of the effective masses and the nonparabolicity parame-
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FIG. S20. Chemical potential versus temperature for
parabolic bands in the non-degenerate (dashed) and degen-
erate (dotted) cases. The solid line shows the degenerate case
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approximation. The full temperature dependence of the di-
rect gap according to Eq. (S206) was included in the Fermi-
Dirac distribution function, but the effective masses and non-
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FIG. S21. Intrinsic carrier concentration versus temperature
for parabolic bands in the non-degenerate (dashed) and de-
generate (dotted) cases. The black solid line shows the de-
generate case with the lowest nonparabolic correction in the
large spin-orbit approximation. The temperature dependence
of the direct gap according to Eq. (5S206) was included in the
Fermi-Dirac distribution function, but the effective masses
and nonparabolicity parameters were kept constant at values
calculated from the low-temperature band gap. The blue line
shows a fit to carrier concentrations determined from Hall
measurements by Oszwaldowski and Zimpel (1988).

ters, but not the redshift due to electron-phonon renor-
malization. The redshift of the direct gap due to thermal
expansion is given by (Zollner 1991 GaSb)

0B\ _ o8,
(aT>TE‘ 3“””3( o )T’

where a (T is the temperature-dependent thermal ex-
pansion coefficient taken from S. I. Novikova, Thermal
expansion, in Semiconductors and Semimetals, vol. 2,

(S207)
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edited by R. K. Willardson and A. C. Beer, pp. 33-38
(1966), B=46 GPa the bulk modulus (assumed to be in-
dependent of temperature, LaBoe Vol. 17a, page 317),
and the last factor equal to 0.155 eV /GPa is the pressure
coefficient of the InSb band gap (Booth 1982, LaBoe Vol.
22a, page 124). For « (T) above room temperature, see
Cai J. Appl. Phys. 2013.

The temperature dependence of the band gap due to
thermal expansion and ignoring the Debye-Waller and
self-energy contribution is therefore

EJE(T) = Fy (T =0) - 3B (aEO>T/OTa(0)d9.

(S208)
We also call this the "mass band gap”.
Following Roucka (PRB 81, 245214, 2010), we write
the thermal expansion coefficient of zinc blende semicon-
ductors as

o(T) = A <@TD>31D (G;?) , (S209)
where
Ip (zp) = /OJCD m (5210)

is the Debye integral (which can be solved numerically in
MATLAB), A is an adjustable parameter, and ©p the
Debye temperature. The Debye temperature for InSbh is
about 205 K for InSb (LaBo 22a 1987, page 129), but
we treat it as an adjustable parameter to fit the thermal
expansion coefficients from Novikova (1966). With pa-
rameters A=17.5x1076 K~ and © p=450 K, satisfactory
agreement with the experimental data can be achieved,
see Fig. S22.

An even better model for the temperature dependence
of the thermal expansion coefficient, which also explains
its low-temperature behavior, is given in the main text.

The temperature dependence of the band gap due to
thermal expansion, calculated from Eq. (5208), is shown
in Fig. S23. This is the same result as shown by Zollner
(SSC, 1991).

The chemical potential and intrinsic carrier concentra-
tion of InSb as a function of temperature, taking into
account only the thermal expansion contribution to the
band gap shift (not the electron-phonon renormalization)
when calculating the effective masses as a function of
temperature, are shown in Figs. S24 and S25. Figure
S26 shows the effective light hole and electron masses of
InSb, the experimental band gap, and the thermal ex-
pansion band gap used to calculate the effective masses.
As expected, the temperature dependence of the masses
follows the dependence of the band gap due to thermal
expansion in this situation. As shown by Fig. S25, the
intrinsic carrier concentration is about 10'® cm ™3, lower
than the result when keeping the masses constant as in
Fig. S21 and higher than when calculating the temper-
ature dependence of the masses from the experimental
band gap as shown in Fig. S18.
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FIG. S22. Linear thermal expansion coefficient o versus tem-
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fit to the data using Eq. (S209) (solid).
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FIG. S23. Termperature dependence of the direct band gap
of InSb due to thermal expansion. The electron-phonon con-
tribution has been ignored. Compare Zollner (SSC, 1991).

Of course, this model for the temperature dependence
of the intrinsic carrier concentration is not consistent,
because the experimental low-temperature band gap, in-
cluding the Debye-Waller and self-energy corrections due
to zero-point phonon oscillations, was used to calculate
the low-temperature masses, but the Debye-Waller and
self-energy contributions were ignored in the tempera-
ture dependence of the effective masses. To build a con-
sistent & - p model, we need to remove the zero-point
electron phonon contribution to the low-temperature ef-
fective masses. We determine a new k - P momentum
matrix parameter as follows:

Within Kane’s 8x8 k - p model, the effective masses
of the electron and light hole bands depend on three pa-
rameters, the band gap Ej, the spin-orbit splitting Ay,
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approximation. The temperature dependence of the direct
gap according to Eq. (S206) was included in the Fermi-Dirac
distribution function, but the effective masses were calculated
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FIG. S25. Intrinsic carrier concentration versus temperature
for parabolic bands in the non-degenerate (dashed) and de-
generate (dotted) cases. The black solid line shows the de-
generate case with the lowest nonparabolic correction in the
large spin-orbit approximation. The temperature dependence
of the direct gap according to Eq. (S206) was included in the
Fermi-Dirac distribution function, but the effective masses
were calculated taking into account only the thermal expan-
sion contribution to the band gap. The blue line shows a fit
to carrier concentrations determined from Hall measurements
by Oszwaldowski and Zimpel (1988).

and the dipole matrix element parameter Ep through
Egs. (S31) and (S66). These expressions are accurate
within the 8x8 model. Instead of the experimental
band gap, we must use the unrenormalized band gap
EY (0K)=0.243 eV, see Eq. (29), to calculate the effec-
tive masses. Starting with the light hole effective mass
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FIG. S26. Effective masses of the electron (black) and light
hole (red) bands and band gap (blue) of InSb as a function of
temperature, calculated taking into account only the thermal
expansion contribution to the band gap. The experimental
gap and the thermal expansion contribution to the band gap
shift are also shown.

mj,=0.0156 and solving Eq. (S66) for Ep, we obtain

3 1
Ep::2EB<1+»*>::2&7eV, (S211)

My,
somewhat larger than the usual value of 23.1 eV pub-
lished by Lawaetz (1971). The corresponding effective
electron mass with Ay=0.81 eV

1 Ep [ 2 1
=1+ (ot
mk 3 EB EB +AQ

€

(S212)

equals 0.0136, which is in excellent agreement with the
experimental value.

We therefore repeat the calculation of the tempera-
ture dependence of the chemical potential and the in-
trinsic carrier concentration using this revised value of
Ep=23.7 ¢V. A similar approach was taken by V. G.
Orlov and G. S. Sergeev (Numerical simulation of the
transport properties of indium antimonide, Physics of the
Solid State 55, 2215-2222, 2013), but they do not de-
scribe how the use of the unrenormalized gap affects the
value of the momentum matrix element. Masut (2022)
also uses a similar approach.

The chemical potential and intrinsic carrier concen-
tration of InSb as a function of temperature are shown
in Figs. S27 and S28. Compare Fig. 1 in Masut (2022).
The agreement between the experimental data of Oszwal-
dowski and Zimpel (1988) and our model is better than it
should be. We need to remember that the large spin-orbit
approximation overestimates the electron mass, because
Ay is taken to be infinite. Therefore, this model overesti-
mates the intrinsic carrier concentration as well. There is
some uncertainty in the temperature dependence of the
direct gap, the thermal expansion coefficient, and the
density of states heavy hole mass (which is taken to be
spherical and parabolic). Therefore, perfect agreement
between a model and the experimental data should not
be expected.
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FIG. S27. Chemical potential versus temperature for

parabolic bands in the non-degenerate (dashed) and degen-
erate (dotted) cases. The solid line shows the degenerate case
with the lowest nonparabolic correction in the large spin-orbit
approximation. The temperature dependence of the direct
gap according to Eq. (29) was included in the Fermi-Dirac
distribution function, but the effective masses were calculated
taking into account only the thermal expansion contribution
to the band gap. The unrenormalized low-temperature gap
was used to calculate the momentum matrix element from
the experimental light-hole effective mass. The experimen-
tal direct band gap from a fit to the temperature-dependent
infrared dielectric function with a Johs-Herzinger parametric
oscillator model (symbols) are also shown, compare Rivero
Arias (2023).
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FIG. S28. Intrinsic carrier concentration versus temperature
for parabolic bands in the non-degenerate (dashed) and de-
generate (dotted) cases. The black solid line shows the de-
generate case with the lowest nonparabolic correction in the
large spin-orbit approximation. The temperature dependence
of the direct gap according to Eq. (5206) was included in the
Fermi-Dirac distribution function, but the effective masses
were calculated taking into account only the thermal expan-
sion contribution to the band gap. The unrenormalized low-
temperature gap was used to calculate the momentum matrix
element from the experimental light-hole effective mass. The
blue line shows a fit to carrier concentrations determined from
Hall measurements by Oszwaldowski and Zimpel (1988).
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FIG. S30. Fraction of holes in the split-off, light hole, and
heavy hole bands, calculated using the expressions in Sec.
IIIB. At high temperatures, the population of the light hole
band becomes noticable on this scale, but still very small.

All of the scenarios described above to calculate the
temperature dependence of the effective masses have
some flaws, especially how to treat the impact of the
zero-point phonon oscillations on the renormalization of
the band gap. The most consistent way to handle this
matter is described in the main text of this review. The
scenarios described in this section can be considered as
evidence that treating the band gap as a constant (inde-
pendent of temperature) or using the full experimental

525

temperature dependence of the band gap Eg*" to calcu-
late the effective masses is not in agreement with Hall
effect measurements.

The optical activation energy (i.e., the band gap ob-
served in an optical absorption or ellipsometry experi-
ment) is increased through the Burstein-Moss shift and
given by

Me
EA = max ’VEQ,EO + (1 + > (,u — E())“ y (8213)
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FIG. S31. Fraction of electrons in the I'-, L-, and X-valleys of
the conduction band, calculated using the expressions in Sec.
IIIB. At low and medium temperatures, all electrons are in
the I-valley, but up to 10% of electrons can be found in the L-
valley at the highest temperatures. This was not considered
in the analysis of the Hall experiments by Oszwaldowski and
Zimpel. "

see Chakraborty, Datta, and Ghatak (Physica B 49,
1179, 2003). The optical activation energy is equal to Fy
if the Fermi level is below the conduction band minimum,
but increases as the Fermi level moves into the conduc-
tion band. The ratio of the masses takes into account
that direct optical interband transitions are not possible
at k=0, if the Fermi level is larger than the band gap.
This optical activation energy needs to be compared to
the ellipsometry data given by Rivero Arias et al.*® as
shown in the main text.

S14. SUPPLEMENTARY FIGURES FROM THE MAIN
TEXT

The percentages of carriers in the various hole and elec-
tron bands as a function of temperature are shown in

Figs. S30 and S31.





